Very recently Tkachuk has proved that for a completely regular Hausdorff space X the space C p (X) of continuous real-valued functions on X with the pointwise topology is metrizable, complete and separable iff C p (X) is Baire (i.e. of the second Baire category) and is covered by a family {K α : α ∈ N N } of compact sets such that K α ⊂ K β if α β. Our general result, which extends some results of De Wilde, Sunyach and Valdivia, states that a locally convex space E is separable metrizable and complete iff E is Baire and is covered by an ordered family {K α : α ∈ N N } of relatively countably compact sets. Consequently every Baire locally convex space which is quasi-Suslin is separable metrizable and complete.
Introduction
Following Tkachuk [20] we shall say that a (Hausdorff) topological space E is compactly dominated by irrationals if there exists in E a family {K α : α ∈ N N } of compact sets which covers E and is ordered in that sense that K α ⊂ K β if α β.
The class of spaces compactly dominated by irrationals enjoys good (typical) stability properties, see [20, Theorem 2.1] . Moreover, every space compactly dominated by irrationals has countable extent, i.e. every closed and discrete subset of E is countable. Hence metrizable spaces dominated by irrationals are separable; this follows also from [4, Theorem 15] .
A topological space E covered by an ordered family {K α : α ∈ N N } of compact sets which swallows compact sets, i.e. every compact set is contained in some K α , will be called strongly dominated by irrationals. It is easy to see that any separable metric and complete space E is strongly dominated by irrationals. Indeed, for a countable and dense sequence (x n ) n in E set K α := ∞ k=1 n k j =1 B(x j , k −1 ), where B(x j , k −1 ) is the closed ball in E with the center at point x j and radius k −1 for α = (n k ) ∈ N N and all j, k ∈ N. Then {K α : α ∈ N N } is as required. In fact we know even more: A separable metric space is strongly dominated by irrationals iff it is completely metrizable, [9, Theorem 3.3] . This easily implies that:
A metrizable locally convex space is complete and separable, i.e. is a separable locally convex Fréchet space, iff it is strongly dominated by irrationals.
On the other hand, by [20, Theorem 3.7] , for spaces C p (X) the strong domination by irrationals characterizes separable locally convex Fréchet spaces C p (X). This happens iff X is countable and discrete.
Completing this picture, recall that for a metric space X the space C c (X) is a separable locally convex Fréchet space iff C c (X) is analytic and Baire. In fact, by [9, Theorem 3.7] , a metric space X such that C c (X) is analytic must be σ -compact, and additionally, if C c (X) is Baire, it is well know that X must be locally compact. By [9, Theorem 5.4 ], every analytic topological group which is Baire must be metrizable.
A topological space E is called:
there is an upper semi-continuous set-valued map from N N with compact values in E whose union is E, where the set of integers N is discrete and N N is endowed with the product topology; (iii) quasi-Suslin, if there exists a map T : N N → 2 E covering E such that if (α n ) n is a sequence in N N which converges to α in N N and x n ∈ T (α n ) for all n ∈ N then the sequence (x n ) n has an adherent point in X belonging to T (α).
Recall that analytic ⇒ K-analytic ⇒ quasi-Suslin, and by [5] every real-compact space dominated by irrationals is K-analytic.
By Talagrand [19] every K-analytic space is compactly dominated by irrationals, although the converse fails in general. If E is a submetrizable topological space, E is analytic iff E is compactly dominated by irrationals [4, Theorem 15] .
In [10, Example 13 and Theorem 3], we presented a natural argument to construct a large class of spaces C c (X) for which the weak dual of C c (X) is not K-analytic although it is compactly dominated by irrationals. See also [6] and [4] for cases when K-analyticity and the compact domination coincide. In [19] Talagrand showed that for a compact space X the space C p (X) is K-analytic iff C p (X) is compactly dominated by irrationals. Very recently this result has been extended by Tkachuk [20] This nicely applies to show that a locally convex Baire space is quasi-Suslin iff it is a separable locally convex Fréchet space. Note however that there exist non-metrizable non-compact Baire spaces strongly dominated by irrationals, see [20, Example 3.5 and Theorem 3.6] .
Recall that an absolutely convex and bounded subset B in a locally convex space is called a Banach disc if the linear span of B endowed with the Minkowski norm topology is a Banach space.
Proof of Theorem and applications
Recall that a subset B of a topological space E is nowhere dense if its closure has void interior; B is of the first Baire category if it is the countable union of nowhere dense sets in E and B is of the second Baire category if it is not of the first Baire category. If every non-void open subset B of a topological space E is of the Baire second category, E is called a Baire space. Clearly every non-empty Baire space is of the second Baire category. If E is a topological group, E is Baire iff it is of the second Baire category [11, Proposition 1.27]. By a Baire locally convex space we mean a locally convex space which is a Baire space.
Let E be a topological space and let B ⊂ E be a subset of E. Let D(B) be the set of all points x of E such that every neighbourhood of x intersects B in a set of the second Baire category and let
O(B) denote the interior of D(B). It is easy to see that D(B) = O(B), and an open set M intersects D(B) in a non-void set iff M ∩ B is a set of the second Baire category iff M ∩ O(B)
is non-void, see [21, p. 4] . Recall also that B has the Baire property iff O(B) \ B is of the first Baire category in E, [21, p. 4 (9) ].
We shall need the following applicable fact, see also [21, p. 4 (7)].
Lemma 1. Let E be a topological space and let B be a subset of E which is the union of the
For a topological group E let U denote the family of all neighbourhoods of the unit in E. We shall say that a subset A in a connected topological group E is bounded if for every U ∈ U there exists n ∈ N such that A ⊂ U n . A connected topological group E will be called simple if
The proof of Theorem heavily depends on the following two results (Proposition 1 and Corollary 2) which seem to be interesting by own.
Proposition 1. Let E be a connected topological group which is a Baire space. Then E is simple iff E is boundedly dominated by irrationals, i.e. covered by an ordered family {K
α : α ∈ N N } of bounded sets such that K α ⊂ K β if α β.
Proof. Assume that E is covered by a family {K
α : α ∈ N N } of bounded sets such that K α ⊂ K β if α β. Clearly for every U ∈ U and every α ∈ N N there exists n ∈ N such that K α ⊂ U n . (0) For α = (n k ) k put C n 1 n 2 ...n k := K β : β = (m l ) l , n j = m j , j = 1, . . . , k and set W k := C n 1 n 2 ...n k for each k ∈ N.
Claim. For every neighbourhood
Indeed, otherwise there exists a neighbourhood U in E such that for every k ∈ N there exists
. . , k. Set a n = max{m k n : k ∈ N} for n ∈ N and γ = (a n ) n . Since β k γ for every k ∈ N, then K β k ⊂ K γ , so x k ∈ K γ for all k ∈ N, which together with (0) provides a contradiction. The Claim is proved.
Let U and V be neighbourhoods of the unit such that U = U −1 and UU ⊂ V . Since E is Baire and
Hence (1) implies that S k+1 ⊂ S k ⊂ V k+1 . Now assume that E is a connected and simple topological group with its defining sequence (S k ) k of neighbourhoods of the unit. Set
It is clear that the family {K α : α ∈ N N } is as required. 2
Corollary 1. A locally convex space E which is Baire and is boundedly dominated by irrationals must be metrizable.
Proof. Let {K α : α ∈ N N } be an ordered family of bounded sets in E, i.e. for every absolutely convex neighbourhood of zero U and every α ∈ N N there exists n ∈ N such that K α ⊂ nU = U + U + · · · + U (n times). By Proposition 1 the additive group E is simple; hence there exists a sequence (S k ) k of neighbourhoods of zero such that for every absolutely convex neighbourhood of zero U in E there exists n ∈ N such that S n ⊂ nU . This proves that (k −1 S k ) k is a countable basis of neighbourhoods of zero in E, so E is metrizable. We present another short, straightforward and self-contained proof of Corollary 2 without making use of any machinery involving analyticity of F . We will use only the fact that the sets K α are closed in the topology generated by the metric d.
An alternative proof of Corollary 2. First observe that for
Indeed, if z ∈ k O(C n 1 ,n 2 ,...,n k ), z ∈ E, then (by definition) for every k ∈ N there exists x k ∈ B(z, k −1 ) ∩ C n 1 ,n 2 ,...,n k , where B(z, k −1 ) denotes an open ball in (E, d) with the center at the point z and radius k −1 . Therefore (x k ) k converges to z in the topology generated by the metric d. On the other hand there exists γ ∈ N N such that x k ∈ K γ for all k ∈ N. Since K γ is closed in (F, d) , so z ∈ F . This proves (2) .
Let us define the following sets
and recall that E = O(F ).
By Lemma 1 every set of the above type is nowhere dense. Note also
Indeed, to prove this assume that there exists x / ∈ K 0 ∪ K n 1 ,...,n k . Therefore there exists n 1 ∈ N such that x ∈ O(C n 1 ). Then there exists n 2 ∈ N such that x ∈ O(C n 1 ,n 2 ). By a simple induction we obtain a sequence α = (n k ) ∈ N N such that x ∈ O (C n 1 ,n 2 ,. ..,n k ) for every k ∈ N.
By (2) we deduce that x ∈ F , which proves the inclusion (3). From (3) it follows that indeed the space E \ F is of the first Baire category in E. 2 Now we are ready to prove Theorem.
Proof of Theorem.
Since in locally convex spaces relatively countably compact sets are bounded, we apply Corollary 1 to deduce that F is metrizable. Consequently the metrizable locally convex space F is compactly dominated by irrationals and separable. Let E be the completion of F . By Corollary 2 the set E \ F is of the first Baire category. If F = E, then taking x ∈ E \ F we would have x + F ⊂ E \ F ; this provides a contradiction since x + F and E \ F are of the second and first Baire category, respectively. Hence F is a separable locally convex Fréchet space. 2
Since, by [6, Theorem 2] , every quasi-Suslin topological space is covered by an ordered family of relatively countably compact sets, Theorem yields the following Corollary 3. For a locally convex Baire space E the following assertions are equivalent:
) E is a separable locally convex Fréchet space.
We know already by Tkachuk, [20] , that C p (X) is K-analytic iff it is compactly dominated by irrationals. Talagrand [19] proved that for a compact space X the space C p (X) is K-analytic iff C c (X) is weakly K-analytic, i.e. K-analytic in the weak topology of C c (X). This result has been extended by Canela [3] to paracompact locally compact spaces X. Next observation supplements Canela and Talagrand's results.
Corollary 4. Let X be a paracompact and locally compact space. The following assertions are equivalent:
(1) C p (X) is boundedly dominated by irrationals.
Moreover, if X is even metric and locally compact, then C p (X) is boundedly dominated by irrationals iff C p (X) is analytic.
Proof. Since X is paracompact and locally compact, it is a topological direct sum of a family {X i : i ∈ I } of locally compact σ -compact spaces. Hence C p (X) = i∈I C p (X i ). (1) ⇒ (2): If C p (X) is boundedly dominated by irrationals, I is countable. Indeed, otherwise i∈I C p (X i ) would contain a closed subspace of the type R A for some uncountable A. But R A is Baire and Corollary 1 applies to deduce that R A is metrizable, hence A is countable. We proved that X is σ -compact. The implications (2) ⇒ (3) ⇒ (1) are obvious. The last part of Corollary 4 follows from the previous one and a well-known fact stating that a continuous image of a separable locally convex Fréchet space is analytic. 2
Examples and remarks
We start with an easy observation providing a large class of metrizable non-Bare locally convex spaces compactly dominated by irrationals but not strongly.
Proposition 3.
Let E be an infinite-dimensional separable locally convex Fréchet space. Then E contains a proper dense non-Baire subspace F which is not strongly dominated by irrationals although is covered by an ordered family of absolutely convex compact sets which swallows all absolutely convex compact subsets of F .
Proof. Let G be a dense ℵ 0 -dimensional vector subspace of E. Since G is not barrelled (otherwise G would be finite-dimensional by [17, Theorem 2.1]), there exists in G a barrel D, i.e. an absolutely convex closed and absorbing subset of G, which is not a neighbourhood of zero in G. Let B be the closure of D in E and let F be the linear span of B endowed with the induced topology of E. Then F is a proper dense subspace of E which is not Baire. Since B is a barrel in F , it absorbs any absolutely convex compact subset of F . On the other hand, since E is a separable locally convex Fréchet space, E admits an ordered compact cover {T α : α ∈ N N } of absolutely convex sets which swallows all compact sets in E. Set K α := n 1 B ∩ T α , where α = (n k ) ∈ N N . Then the family {K α : α ∈ N N } is as desired. Since F is non-Baire, F is not strongly dominated by irrationals by [9, Theorem 3.3]. 2
Note however that there exist non-metrizable non-compact Baire spaces strongly dominated by irrationals. In [20, Theorem 3.6], Tkachuk proved that under CH the first uncountable ordinal ω 1 with its interval topology is strongly dominated by irrationals but under M + ¬CH the space ω 1 is not dominated by irrationals. Recall also that ω 1 is a Baire space which is noncompact and non-metrizable. This also may suggest the following question: Is it true that every Baire metric space compactly dominated by irrationals is strongly dominated by irrationals? We present the following simple example kindly communicated to the authors by Professor Aaron Todd. Example 1. Let X = {(Q ∩ (0, 1)) × {0}} ∪ {(m/2 n , 1/n): m, n ∈ N, m < 2 n } have its subspace topology from R 2 . Hence X is metrizable, and its set of isolated points {(m/2 n , 1/n): m, n ∈ N, m < 2 n } is dense, therefore X is a Baire space. The space (Q ∩ (0, 1)) × {0} is a closed subspace of X, yet it is not Baire, so X, although metrizable is not completely metrizable. Clearly X is compactly dominated by irrationals but not strongly (otherwise would be completely metrizable by [9, Theorem 3.3] ).
Recall that a locally convex space E is called an Unordered Baire-like (respectively Bairelike) space (shortly UBL (respectively BL)), if for every (respectively increasing) sequence (A n ) n of absolutely convex closed subsets of E covering E there exists m ∈ N such that A m is a neighbourhood of zero, see [17, 18] for details. Clearly Baire locally convex ⇒ UBL ⇒ barrelled. Since (as easily seen) UBL ⇒ strictly barrelled (in the sense of Valdivia [22] ), Corollary 1.6 of [22] applies to get the following variant of Theorem providing sufficient and necessary conditions for an Unordered Baire-like space to be a locally convex Fréchet space.
Proposition 4. A locally convex space E is a locally convex Fréchet space iff E is Unordered Baire-like and E is a quasi-(LB)-space, i.e. E is covered by an ordered family {K
In [4] Cascales and Orihuela introduced a large class G of locally convex spaces which includes the most important classes of locally convex spaces as (LF ) and (DF )-spaces. Later on, in [8, Lemma 2] , we proved that a quasibarrelled space E belongs to class G iff the strong dual (E , β(E , E)) of E is a quasi-(LB)-space, see also [7] . This fact combined with Proposition 4 shows that the strong dual (E , β(E , E) ) of a quasibarrelled space E in class G is a locally convex Fréchet space iff (E , β(E , E) [16] extended this result by showing that if a locally convex space contains a dense hyperplane, it contains a dense hyperplane which is not a Baire space. Theorem combined with the above results may suggest also the following Problem. Let E be a separable locally convex Fréchet space. Do there exist in E an ordered family {K α : α ∈ N N } of compact sets covering E and a discontinuous linear functional f over E that is continuous on each set K α ?
If such cover and functional f exist, the dense hyperplane generated by f cannot be Baire by Theorem.
Remark 1. (i)
Note that Theorem fails for Baire-like spaces. Indeed, since R N contains a proper dense barrelled (hence metrizable Baire-like by [17] ) subspace F which is a LSF-space, i.e. the inductive limit of an increasing sequence of separable locally convex Fréchet spaces, see [14, 8.7.2 and 8.7.4] , it follows that F is not complete. On the other hand (as easily seen) every LSFspace is compactly dominated by irrationals (which also follows from [20, Proposition 2.1]).
(ii) Observe that Corollary 1 can be also deduced from Proposition 4. Indeed, let E be a Baire locally convex space covered by an ordered family {A α : α ∈ N N } of bounded sets. For every α = (n k ) ∈ N N let K α be the closed absolutely convex hull of A α in the completion F of E and let G be the linear span (in F ) of the union
Let x ∈ G. Then there are t p ∈ R, 1 p n, α p ∈ N N and x α p ∈ K α p , 1 p n, such that
t p x α p ∈ |t|nK γ , where |t| = max{|t p |: p = 1, 2, . . . , n} and γ ∈ N N such that α p γ for every p = 1, 2, . . . , n. Choose m 1 ∈ N and β = (m k ) ∈ N N such that n|t| m 1 and γ β. Then x ∈ m 1 K β . Therefore
Hence G is a Baire locally convex space covered by an ordered family of Banach discs. By Proposition 4 the space G is metrizable and complete, and finally E is metrizable.
(iii) Corollary 1 fails if E is only a barrelled locally convex space. Indeed, let E be a distinguished locally convex Fréchet space which is not a Banach space, for example take for E a Köthe echelon space λ 1 with the Heinrich density condition, see [2] . Then the strong dual F of λ 1 is a barrelled non-metrizable (DF )-space. Let (S n ) n be a fundamental sequence of bounded sets in F . For α = (n k ) ∈ N N set K α = S n 1 . Then {K α : α ∈ N N } is an ordered family of bounded sets covering λ 1 .
(iv) Very recently, after the paper has been prepared, the authors were communicated by professor L. Drewnowski that Problem has a negative solution. Some details and results related with Problem will be published by L. Drewnowski in a separate article.
